This paper will provide an easy criteria for the compactness of subspaces of L p spaces over finite measure spaces.
m Because of their importance in both applied and pure mathematics, compact subspaces of L p spaces have been studied for over 75 years (for a brief history of the main results of such studies, consult [1] or [2] .) Despite this, a survey of the literature on compact subspaces of L p spaces shows that the case when the L p space is over a finite measure space (X, M, µ) has largely been ignored, and therefore we will provide an easy characterization of compact subspaces of L p when L p is taken over some finite measure space (X, M, µ). First, however, we will prove two easy lemmas that will be very useful.
For simplicity, we will use the notation
for some arbitrary function f (x) ∈ L p (X) and any measurable subset S ⊆ X.
Lemma 1 If there exists an
Proof: Assume otherwise so that for any n ∈ N, µ(S) > (
and f m (x) = 0 otherwise so, that lim m→+∞ f m (x) = 0 a.e. so that Lebesgue's dominated convergence theorem implies that
QED Now we can provide our characterization.
Theorem 1 Let (X, M, µ) be a finite measure space and let L ′ be the subspace of L p over the measure space (X, M, µ) such that for any sequence of functions {f n (x)} in L ′ and any sequence of measurable sets S m ⊆ X with the property that lim m→+∞ µ(S m ) = 0,
Proof: We will show that if {f n (x)} ∈ S, then there exists a subsequence
and for all n > 0, by lemma 1, the set S m ′ = {x : |f n (x)| > m} has measure
p where ||f n (x)|| X < M for all n ∈ Z + so that the Bolzano Weierstrass theorem implies that for each m ∈ Z + , {f n (x)} has a subsequence 
′ , but since L p is over a finite measure space, Lebesgue's Dominated Convergence Theorem implies that
Now starting with m = 1, by repeating the process above, we can find a subsequence {g
Continuing this process, that is forming subsequences for m = 3, 4, ..., consider the sequence {g
n2 (x), g
n3 (x)...} so that for any
and letting M → ∞ gives us our desired result by our definition of L ′ .
Now we prove that if the subspace
If S is compact, then it must be finite dimensional and bounded so let {φ k (x) ∈ S : k = 1, ..., n} be some basis of S and let f (x) ∈ S so that
. Now let S m ⊆ X for each m ∈ Z + be a sequence of measurable subsets of X such that lim m→+∞ µ(S m ) = 0. Let
is not zero a.e. for each k = 1, ..., n, so that since S is bounded, there exists an M such that |α
1 p = 0 by lemma 2, we clearly have S ⊆ L ′ . QED It should also be noted that Lemma 2 immediately provides us with a specific function space that fits the hypothesis of Theorem 1, namely the subspace S ⊆ L p (X) such that there exists a g(x) ∈ L p (X) where for any f (x) ∈ S, |f (x)| ≤ |g(x)|, which is a reasonably function space to use when working with differential or integral equations.
